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We investigate the Zeno dynamics of quantum chirps. More specifically, we analyze the Zeno
dynamics of a chirped solitary wave solution of the non-dimensional nonlinear Schro¨dinger equation
(NLSE) with a gain/loss term. We show that the motion of the quantum chirp can be inhibited by
frequent measurements in the observation domain. In order to assess the effect of Zeno dynamics
on the quantum chirp imaging resolution, we analyze and compare its point spread functions (PSF)
under free evolution and under Zeno dynamics. Additionally, we investigate the effect of observation
frequency on the quantum chirp profile as well as on its probability of lingering in the observation
domain. Our results can be immediately used to investigate the signal properties of quantum chirps
and their possible jamming properties by Zeno dynamics in quantum radar technology. Additionally,
many potential applications in atomic physics and optics including nonlinear phenomena and chirps
can be investigated using the approach presented in our paper.
PACS numbers: 03.65.Xp, 03.65.Ta,42.65.-k, 42.30.−d
I. INTRODUCTION
One of the most challenging problems in nonlinear
quantum mechanics and nonlinear optics is the gener-
ation of short pulses. Short pulses are required for better
signal and image resolution, however, in order to satisfy
a certain average power limit these pulses can not be
infinitely short. Researchers have overcome this prob-
lem using alternative approaches such as using linear fre-
quency modulated codes, Barker codes, chirp-like phase
codes, Golomb’s codes, Huffman codes and asymptoti-
cally perfect codes [1–8]. While some of these techniques
are widely adopted and used in classical radar imaging,
researchers followed different paths in optics. Pulse com-
pression by means of higher-order soliton compression or
adiabatic pulse compression were two of the widely uti-
lized techniques in optics [9, 10]. Although the higher-
order soliton compression technique can achieve the large
degrees of compression, it causes significant pedestal gen-
eration [10]. Whereas in adiabatic compression, the pulse
having a waveform of a soliton is used and a dispersion
variation along the propagation direction is introduced,
which allows the soliton to self-adjust by balancing dis-
persion and nonlinearity [10]. Although this compression
scheme is more successful in maintaining the transform-
limited characteristics of the pulse, it is slower [9, 10].
Moores showed that exact chirped soliton solutions of the
nonlinear Schro¨dinger equation (NLSE) with a gain/loss
exist, which allowed the rapid compression of the pulses
as a remedy to this drawback [9]. Thereafter, some other
analytical chirped soliton solutions of the NLSE and its
extensions are reported in the literature [10–12]. Addi-
tionally, some other pulse types such as the self-similar
pulses are also introduced and studied in the relevant
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literature for effectively generating short pulses [9, 10].
On the other hand, there is a vast amount of literature
about the quantum Zeno dynamics, which can simply be
defined as the ‘inhibition of the evolution of an unsta-
ble quantum state by appropriate frequent observations’
[13, 14]. Quantum Zeno effect and dynamics states that
observations alter or can even stop the evolution of an
atomic particle [15–17]. This effect is usually employed
to freeze the decay of the quantum state of atomic par-
ticles. In this context, it is shown by various researchers
that the Zeno effect can be used to prevent the dissipa-
tion of particles [18, 19], to suppress the decoherence of
qubit systems and entanglement of atoms [20, 21] and
to freeze the coherent field growth in cavities [22]. It is
also shown that the quantum Zeno effect and dynamics
can also be used for entanglement creation, controlling
operations and purification of the quantum systems [23–
25]. Additionally, the linear and nonlinear optical ana-
logues of the quantum Zeno effect became increasingly
more popular [26]. In this context, Zeno effect in op-
tical fibers are reported in [27]. Controlling the optical
gates [28], optical switching [29] and the nonlinear optical
couplers [30] by Zeno effect are just few of the problems
tackled in these analogue optical systems. The usage of
the Zeno effect in STM is also investigated [31].
To our best knowledge, the Zeno dynamics of quantum
chirps and their optical analogs are not studied in the
literature. With this motivation, we study the Zeno dy-
namics of quantum chirps and their optical analogs in this
paper. More specifically, we analyze the Zeno dynamics
and lingering probabilities of the quantum chirp soliton
solution of the NLSE first introduced by Moores in [9].
We implement a spectral scheme with a 4th order Runge-
Kutta time integrator for the numerical solutions of the
NLSE, and numerically investigate the Zeno dynamics of
this quantum chirp using this scheme. We discuss the
point spread functions (PSFs), lingering properties and
possibilities of quantum chirps under Zeno dynamics and
2compare our results with some of the analytical results
existing in the literature. We comment on our findings
and discuss the limitation and possible usage of our re-
sults and method.
II. QUANTUM CHIRPS OF THE NONLINEAR
SCHRO¨DINGER EQUATION AND THEIR ZENO
DYNAMICS
Besides nonlinear optics, nonlinear quantum mechan-
ics is becoming increasingly more important and popular.
Many important and fascinating phenomena studied in
these and similar branches of nonlinear science are stud-
ied within the frame of nonlinear Schro¨dinger equation
(NLSE) or its extensions which can adequately describe
all the features of linear quantum mechanics [32]. These
phenomena include but are not limited to quantum op-
tical solitons in photonic waveguides with various forms
of nonlinearity [33–36], optical and quantum rogue waves
[37–41], nonlinear quantum entanglement [42], noise in-
duced amplification and tunneling [43, 44], just to name
a few. Various chirped solutions of the NLSE or its ex-
tensions are also reported in the literature [9–12]. These
chirped solutions of the NLSE promotes the possibility of
quantum signal and image processing studies and tech-
nology, including quantum radar imaging.
In this paper, our motivation is to study the dynamics
of quantum chirps when they evolve freely and when they
are under the effect of Zeno dynamics. With this motiva-
tion, for modeling the Zeno dynamics of quantum chirps
in nonlinear optics and quantum mechanics, we consider
the non-dimensional NLSE with a gain/loss term given
as
iψt +
1
2
ψxx + |ψ|2 ψ − iα(t)
2
ψ = 0, (1)
where ψ denotes the complex amplitude and i denotes
the imaginary unity. In here, x and t are the spatial
and temporal variables, respectively. In nonlinear optics,
these variables are often switched with t and z variables,
respectively, where z denotes the propagation direction
along the optical media. It is very well known that NLSE
given by Eq.(1) admits many different types of exact so-
lutions including but are not limited to solitary waves,
rational solutions, kinks, rogue waves and chirps. Some
of the quantum chirp solutions of the NLSE are reviewed
and analyzed in the coming sections of this paper. Al-
though the analytical forms of the quantum chirps are
known, under the effect of Zeno dynamics chirped wave-
function may become arbitrary, thus numerical solution
of the NLSE is needed. With this motivation, we imple-
ment a spectral scheme with a 4th order Runge-Kutta
time integrator and solve the NLSE given in Eq.(1) us-
ing this scheme. In order to perform the time stepping
using 4th order Runge-Kutta algorithm, one can rewrite
the NLSE given in Eq.(1) as
ψt =
i
2
ψxx + i |ψ|2 ψ + γ(t)
2
ψ = h(ψ, t, x) (2)
where the RHS is denoted by a new function, h(ψ, t, x)
[45–49]. The second order spatial derivative in this for-
mula can be calculated spectrally using the Fourier series
at each time step using
ψxx = F
−1
[−k2F [ψ]] (3)
In here F and F−1 denote the Fourier and the in-
verse Fourier transform operations, respectively [49–51].
In Eq.(3), k denotes the wavenumber vector which in-
cludes exact M multiples of the fundamental wavenum-
ber, ko = 2pi/Ld. The domain for the computations is
selected to be x ∈ [−60, 60], thus the domain length be-
comes Ld = 120. In order the perform FFTs efficiently,
M = 1024 spectral components are used for all the sim-
ulations presented in this paper. The nonlinear products
are obtained by simple multiplication operation in the
physical domain. For stable time stepping purposes, the
four slopes of the 4th order Runge-Kutta scheme can be
calculated by
s1 = h(ψ
j , tj , x)
s2 = h(ψ
j + 0.5s1dt, t
j + 0.5dt, x)
s3 = h(ψ
j + 0.5s2dt, t
j + 0.5dt, x)
s4 = h(ψ
j + s1dt, t
j + dt, x)
(4)
In here, dt denotes the time step which is selected as
dt = 10−5 to avoid stability problems. Then, the time
stepping of the complex wavefunction, ψ, and time pa-
rameter, t, are performed using the equations
ψj+1 = ψj + (s1 + 2s2 + 2s3 + s4)/6
tj+1 = tj + dt
(5)
iteratively, where j denotes the iteration count. There-
fore, using the numerical scheme summarized above, it is
possible to model the temporal evolution of the compli-
cated solutions of the NLSE given by Eq.(1).
In order to investigate the transient Zeno dynamics of
quantum chirps, it is possible to use some analytical chirp
solutions of Eq.(1) existing in the literature, such as those
listed in [9–12]. In this study, the initial condition for the
numerical scheme summarized above is selected to be the
analytical chirp solution of the NLSE given in [9] which
exactly satisfies Eq.(1). Following [9], the analytical form
of this quantum chirp can be written as
ψ(t, x) =
Aα
α0
exp [iφ(t, x)]sech
(
Aα
α0
x
)
, (6)
where
α(t) =
1
α−10 − t
(7)
3and
φ(t, x) = φ0 − α
2
[
x2 −
(
A
α0
)2]
(8)
This quantum chirp is a frequency modulated waveform
with a sech type envelope. Again, following [9], the value
of α0 = 9.5 is used throughout this study. The value of
φ0 = 0 is used in our simulations which ensures the sym-
metry of the chirp about the origin of the spatial domain.
Using the quantum chirp specified by Eqs.(6)-(8) as the
initial condition, the time stepping is performed for two
cases; the free evolution case and evolution under Zeno
observations case.
It is well-known that the decay of an atomic parti-
cle can be inhibited by Zeno dynamics [15–17]. How-
ever, it remains an open question whether the quantum
chirps or the chirped optical waveforms in the quan-
tized optical fields can be stopped using Zeno dynam-
ics. In this paper, we aim to address this open prob-
lem. Since the chirped waveform becomes complicated
after a positive Zeno measurement, we use the numer-
ical solution scheme of the NLSE summarized above.
In order to model the effect of Zeno dynamics on the
chirped waveform, we use a theoretical formulation first
proposed in [52]. This formulation can be summarized as
follows: after a positive Zeno measurement, the particle
lingers in the observation domain of [−L,L] for which the
wavefunction becomes ψT (x, t) = ψ(x, t)rect(x/L)/
√
P
where P =
∫ L
−L
|ψ (x, t)|2 dx, and rect(x/L) = 1 for
−L ≤ x ≤ L, and 0 outside this observation domain [52].
The waveform under investigation evolves according to
NLSE given by Eq.(1), between two successive positive
Zeno measurements. The summary of this cycle can be
given as
ψT
(
x,
(n− 1)t
N
)
evolve→ ψ
(
x,
nt
N
)
measure→
ψT
(
x,
nt
N
)
= ψ
(
x,
nt
N
)
rect(x/L)√
PnN
(9)
In here, n denotes the observation index and N denotes
the number of observations [52]. The probability of lin-
gering of the waveform in the observation domain after
n successive positive measurements becomes
PnN =
∫ L
−L
∣∣∣∣ψ(x, ntN
)∣∣∣∣2 dx. (10)
Using this result, the cumulative probability of lingering
of the waveform in the observation domain [−L,L] can
be calculated as
PN =
N∏
n=1
PnN . (11)
as discussed in [52]. Additionally, some analytical esti-
mations for the probabilities given by Eqs.(10) and (11)
are proposed in [52]. Utilizing the momentum representa-
tion of linear quantum mechanics and the analogy of op-
tical waves of Fabry-Perot resonator, the analytical form
for the lingering probability of an atomic particle in the
observation interval of [−L,L] after nth measurement is
given as
PnN ≈ 1− 0.12
(
4
pi
)2(
2pit
N
)3/2
(12)
in [52]. Similarly, the cumulative probability of lingering
of the particle in the observation domain after N mea-
surements becomes
PN ≈
(
1− 0.12
(
4
pi
)2(
2pit
N
)3/2)N
(13)
as discussed in [52]. It is possible to simplify these ex-
pressions further using Newton’s binomial theorem [52].
This approach, which is proposed to model the effect of
Zeno observations on the wavefunction, is also used in
some other studies [41, 53, 54] and experimentally tested
in [55]. In this paper, we follow the same approach to
model and analyze the Zeno dynamics and the lingering
probabilities of the quantum chirps in the observation
domain.
III. RESULTS AND DISCUSSION
First of all, in order to test the validity and accu-
racy of the numerical scheme, we compare the analyt-
ical quantum chirp waveform given by Eqs.(6)-(8) and
against its numerical solution obtained by solving the
NLSE given by Eq.(1), in Fig. 1. The subplots a, b and
c in Fig. 1 show the absolute value, the real part and the
complex part of the quantum chirps’s wavefunction, re-
spectively. As mentioned above, the numerical solution
is obtained using the spectral scheme with a 4th order
Runge-Kutta time integrator. The simulation parame-
ters are selected as A = 1, α0 = 9.5, φ0 = 0, dt = 10
−5
as mentioned before. The comparison depicted in Fig. 1
is obtained for the free evolution of the quantum chirp,
in which no Zeno observations takes place. The initial
non-dimensional time for these solutions is selected as
t = 2.00 and the time stepping is performed until the
time of t = 2.50. The actual domain of computations is
selected to be x ∈ [−60, 60] as mentioned above, however
only the part x ∈ [−30, 30] is depicted in Fig. 1 for better
visualization purposes. As Fig. 1 confirms, the numeri-
cal solution remains bounded and stable. We have also
tested the numerical scheme and observed the same con-
vergent behavior for much longer time scales considered.
In Fig. 2, we depict the waveform of the quantum chirp
formulated by Eqs.(6)-(8) under the Zeno effect and com-
pare it with the chirp waveform under free evolution. In
Fig. 2, the subplot a and b refers to the absolute value and
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FIG. 1: The waveform of the quantum chirp given by Eq.(1) at the instant of t = 2.5 for A = 1, α0 = 9.5, φ0 = 0 a) absolute
value b) real part c) imaginary part.
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FIG. 2: Comparison of the free evolution dynamics and the Zeno dynamics of the quantum chirp given by Eq.(1) for A =
1, α0 = 9.5, φ0 = 0 a) absolute value b) real part.
the real part of the complex wavefunction, respectively.
The computation parameters are as before. The Zeno ob-
servation domain is selected as L = [−11.6, 11.6], which
corresponds to 200 indices about the origin. In numeri-
cal simulations, the Zeno observations on the numerical
solution is imposed by applying the cycle given in Eq.(9).
In this simulation the quantum chirp is subjected to pos-
itive Zeno measurements at evenly spaced times in the
interval of t = [2.00− 2.50]. Between successive positive
measurements, the quantum chirp evolves freely in the
computation domain where the evolution process is gov-
erned by the NLSE given in Eq.(1). In order to achieve
the correct probability distributions, the quantum chirp
under zeno effect is normalized as mentioned in the cycle
given in Eq.(9).
In our simulations, we observe that the evolution of
the quantum chirp can be inhibited by the frequent Zeno
measurements. Interestingly, we also observe that the
quantum chirp profile preserves its chirped shape in the
Zeno observation domain during its free evolution be-
tween two successive positive Zeno measurements, even
for longer time scales than t = 2.50. We also observe
that, during the free evolution between two successive
positive Zeno measurements, the quantum chirp exhibits
5-60 -40 -20 0 20 40 60
x
0
0.2
0.4
0.6
0.8
a
m
pl
itu
de
PSF of the NLS Chirp: Normal Scale
-60 -40 -20 0 20 40 60
x
-300
-200
-100
0
a
m
pl
itu
de
 (d
B)
PSF of the NLS Chirp: Log Scale
FIG. 3: PSF of the freely evolving quantum chirp given by Eq.(1) for A = 1, α0 = 9.5, φ0 = 0 a) linear scale b) logarithmic
scale.
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FIG. 4: PSF of the quantum chirp given by Eq.(1) for A = 1, α0 = 9.5, φ0 = 0 under the effect of Zeno observations in the
interval [−11.6, 11.6] a) linear scale b) logarithmic scale.
a trapped behavior in the Zeno observation domain and
the leakage or propagation of the chirp waveforms out-
ward the observation domain is not observed.
In order to analyze and assess the effects of Zeno ob-
servations of the signal and image resolution obtainable
by the quantum chirp, we calculate its point spread func-
tions (PSFs) for the cases of free evolution and inhibited
evolution by Zeno dynamics. PSFs are commonly used
to analyze imaging capabilities of various phase coded
signals in optical communications, radar signal process-
ing and similar branches. It is generally desired to have
a PSF with a narrow mainlobe width and suppressed
sidelobes to prevent ambiguity in imaging and target lo-
cations. Although for some chirps, the analytical PSF
can be calculated exactly, after Zeno measurements the
quantum chirp waveform is distorted by the measurement
thus we calculate the PSFs numerically. Following [1–8],
the PSF functions at any time of computation can be
numerically calculated as
psfψ(x) = F
−1
[|F [ψ]|2] = F−1 [|ψ̂(k)|2] (14)
where ψ̂(k) denotes the spectra of chirped waveform,
ψ(x, t), obtained by Fourier transforming it at a given
6instant. In Fig. 3 and Fig. 4, we depict the PSF of the
freely evolving quantum chirp and the PSF of the quan-
tum chirp under the effect of Zeno observations. In both
of these figures the first subplot is in normal and the
second subplot is in logarithmic scale.
Comparing Fig. 3 and Fig. 4, one can realize that the
Zeno dynamics causes a significant distortion in the PSF,
causing an increase in the -3dB mainlobe width, roughly
from 0.23 to 0.36. Additionally, as seen in Fig. 4, Zeno
dynamics causes significant increase and widening of the
sidelobes. Using these results, it is possible to conclude
that the signal and image qualities attainable by quan-
tum chirps can be significantly distorted by Zeno mea-
surements. It is possible to jam the quantum chirps using
these measurements with many possible applications in
nonlinear quantum mechanics, optics, radar and quan-
tum radar imaging. Additionally, the results presented
in Fig. 3 and Fig. 4 are encouraging for a future analy-
sis on the compression of quantum chirps using Zeno or
anti-Zeno dynamics.
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FIG. 5: A comparison of the probability densities of
the quantum chirp under free evolution and after N =
64, 128, 256, 512, 2048 intermediate measurements taken in
the observation domain of [−11.6, 11.6].
In order to analyze and assess the effect of more fre-
quent Zeno observations on the dynamics of the quantum
chirp waveform, we depict the freely evolving wave pro-
file and the wave profile with different Zeno measurement
numbers, N , in Fig. 5. For better illustration purposes,
the results are plotted for the region x ∈ [0, 20], which
is one sixth of the actual computation domain. As illus-
trated Fig. 5, more frequent observations lead to slightly
higher probability densities of lingering of the quantum
chirp in the observation domain. The difference in the
probability density levels are minor only. This is because
of the fact that the quantum chirp under Zeno dynamics
exhibits a trapped behavior in the observation domain
and does not show a tendency for propagation or dif-
fusion outward the observation domain independent of
the number of Zeno measurements, N . Additionally, the
chirped behavior is conserved in the domain of Zeno ob-
servations independent of the N . Outside the domain
of Zeno observations, the probability of lingering of the
quantum chirp vanishes leading to a zero probability den-
sity.
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FIG. 6: The cumulative probabilities of lingering of the quan-
tum chirp in the observation domain [−11.6, 11.6] after N in-
termediate measurements at the time of t = n/N = 0.25.
In Fig. 6, we depict the cumulative probabilities of
lingering of the quantum chirp in the observation do-
main evolved for a time interval of t = [2.00, 2.50] and
exposed to Zeno measurements in the time interval of
t = [2.25, 2.50], where this temporal interval differs to
allow for the adjustment of the numerical scheme. The
dashed lines in Fig. 6 denote the analytical cumulative
distributions defined by the Eqs.(10)-(11), whereas the
continuous lines denote numerical findings. Although
it is possible to observe that the cumulative probabili-
ties of lingering of the quantum chirp increases as num-
ber of Zeno measurements increase both analytically and
numerically, it is possible to realize that deviations of
the analytical cumulative probability distributions from
their numerical counterparts are not small as depicted
in Fig. 6. One of the reasons for these discrepancies is
the fact that the analytical calculations rely on the op-
tical wave analogy of the linear quantum mechanics and
they are obtained using the linear Schro¨dinger equation.
However, the numerical simulations rely on the quan-
tum chirp solution of the NLSE given by Eqs.(1). The
nonlinearity in the governing equation, the gain term, as
well as the trapped behavior of the quantum chirp in the
domain of Zeno observations significantly affect the cu-
mulative probabilities depicted in Fig. 6. Additionally,
it is useful to note that although it is relatively smaller,
the domain of Zeno observations and its length can affect
these probabilities depending on the chirp waveform and
its compression characteristics.
IV. CONCLUSION
In this paper, we have analyzed the Zeno dynamics of
quantum chirps in the frame of the NLSE with a gain/loss
term. In particular, we have analyzed the Zeno dynam-
ics of a chirped soliton solution of the NLSE having an
envelope in the form of a sech function. We have numer-
7ically solved the NLSE using a spectral scheme with a
4th order Runge-Kutta time integrator and showed that
evolution of the quantum chirps can be inhibited by us-
ing Zeno observations. We have showed that in the do-
main of Zeno observations, the chirp behavior and chirp
waveform shape is preserved for long times scales. Addi-
tionally, in our numerical simulations we have observed
that quantum chirps exhibit a trapped behavior in the
observation domain during the temporal evolution be-
tween two successive Zeno measurements. Due to Zeno
measurements the point spread functions are significantly
affected, causing an increase in the -3dB mainlobe width
and an increase in the sidelobe levels which eventually
leads to a reduction in the image resolution attainable
by the quantum chirp. We have also investigated the
lingering probabilities of quantum chirps after successive
positive Zeno measurements. We have showed that non-
linearity of the governing equation, its gain/loss term and
the trapped behavior of the quantum chirp in the Zeno
observation domain significantly affect and increase the
lingering probabilities of the quantum chirps in the obser-
vation domain, which lead to deviations from the analyt-
ical results obtained for the same lingering probabilities
derived using the theory of linear quantum mechanics
and optical wave analogy.
Our findings and approach can be used to analyze the
Zeno dynamics of quantum chirps in nonlinear quantum
mechanics and nonlinear optics. The immediate applica-
tions of our findings is the jamming the quantum radar
chirps and distorting the compression characteristics of
optical pulses by Zeno dynamics. Our findings may lead
to a different approach for chirp compression which de-
pends on Zeno and anti-Zeno dynamics. Additionally,
the dispersion and breaking characteristics of the quan-
tum chirps under the effect of various types of optical
potentials can be manipulated and enhanced using these
dynamics. In our future work, we plan to investigate
the revival characteristics of the quantum chirps, that is
their characteristics after Zeno or anti-Zeno effects are
ceased. One other possible research direction is to in-
vestigate these dynamics to impose time delays and/or
phase singularities on the same or similar quantum chirps
and investigate their characteristics. The procedure in-
troduced in our paper can also be extended to model the
Zeno dynamics of the many other fascinating nonlinear
phenomena observed in the frame of NLSE and some of
its extensions, which will definitely be helpful to advance
the fields of nonlinear quantum mechanics and optical
science and technology.
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